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MONOPOLE FLOER HOMOLOGY AND THE SPECTRAL GEOMETRY
OF THREE-MANIFOLDS
FRANCESCO LIN
Abstract. We refine some classical estimates in Seiberg-Witten theory, and discuss an
application to the spectral geometry of three-manifolds. In particular, we show that
on a rational homology three-sphere Y , for any Riemannian metric the first eigenvalue
of the laplacian on coexact one-forms is bounded above explicitly in terms of the Ricci
curvature, provided that Y is not an L-space (in the sense of Floer homology). The latter
is a purely topological condition, and holds in a variety of examples. Performing the
analogous refinement in the case of manifolds with b1 ą 0, we obtain a gauge-theoretic
proof of an inequality of Brock and Dunfield relating the Thurston and L2 norms of
hyperbolic three-manifolds, first proved using minimal surfaces.
We discuss an application of gauge theory and Floer homology to spectral geometry,
and in particular to the study of the spectrum of the Hodge laplacian acting on differential
forms on a compact Riemannian manifold. A classical upper bound can be provided in
terms of the sectional curvatures, their covariant derivatives and the injectivity radius
([Dod82]), while some lower bounds can be exhibited in special cases using the Mayer-
Vietoris arguments introduced in [McG93] (see also [GP95]). In the present paper we focus
on three-manifolds. By the Hodge decomposition, in this case the spectrum of the Laplacian
on forms is determined by the one on functions (which is somewhat well-understood) and
the one on coexact 1-forms. Given a rational homology sphere Y , we will provide an upper
bound on the lowest eigenvalue λ˚
1
on coexact 1-forms purely in terms of the Ricci curvature,
provided an extra topological assumption (which is gauge-theoretical in nature). In the
following, we denote by s˜ppq the sum of the two least eigenvalues of the Ricci curvature at
the point p.
Theorem 1. Let Y be a rational homology sphere which is not an L-space. Then for every
Riemannian metric on Y the upper bound
(1) λ˚
1
ď ´infpPY s˜ppq
holds. In particular, a lower bound on the Ricci curvature implies an upper bound on λ˚
1
.
An L-space Y is a rational homology sphere Y for which the reduced monopole Floer
homology HM pY q vanishes (see [KM07]). This condition is a topological invariant. An
alternative definition is the vanishing of the reduced Heegaard Floer homology HF redpY q
([OS04]): these conditions are equivalent via the isomorphism between the two theories (see
[KLT11], [CGH11] and subsequent papers). Examples of L-spaces include spherical space
forms ([KM07]) and branched double covers of alternating knots ([OS05b]). In general, the
condition of being an L-space is quite well understood, and algorithmically computable
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([SW10]). Among rational homology spheres which are not L-spaces (so that the main
result of the paper applies to them) we have the following examples:
‚ any integral homology sphere obtained by a surgery on a knot in S3 other than S3
itself and the Poincare´ homology sphere ([Ghi08]);
‚ any rational homology sphere obtained by surgery on a knot K is S3 such that the
Alexander polynomial of K has a coefficient different than ˘1 ([OS05a]). More in
general, there are many restrictions on knots which admit an L-space surgery (see
for example [Hed10]).
‚ any rational homology sphere that admits a taut foliation ([KMOS07]).
An intriguing conjecture ([BGW13]) states that a rational homology sphere is an L-space
if and only if it does not admit a taut foliation, if and only if its fundamental group is not
left-orderable. This has been recently verified for graph manifolds ([HRRW15]).
To prove the main result, we refine some well-known estimates for the solutions of the
Seiberg-Witten equations. This is inspired by the estimates in the four dimensional case
involving the self-dual Weyl curvature discussed in [LeB02]. The key idea in our case is
to exploit the classical Bochner formula connecting the Hodge Laplacian and the Bochner
Laplacian on 1-forms in terms of the Ricci curvature.
Proof of Theorem 1. We follow the conventions of [KM07]. A sufficient condition for a
rational homology sphere Y to be an L-space is the existence of a pair of metric and
perturbation which is admissible and for which the Seiberg-Witten equations
1
2
ρpFBtq ´ pΨΨ
˚q0 “ 0
DBΨ “ 0
do not have irreducible solutions. Let pB,Ψq be any solution. Then
(2) ∆|Ψ|2 “ 2xΨ,∇˚B∇BΨy ´ 2|∇BΨ|
2 “ ´|Ψ|4 ´
1
2
s|Ψ|2 ´ 2|∇BΨ|
2,
where we used the Weitzenbo¨ck identity
D2BΨ “ ∇
˚
B∇BΨ`
1
2
ρpFBtq ¨ Ψ`
s
4
Ψ.
We can now multiply (2) by |Ψ|2, integrate over the manifold, and obtain by Green’s
identity
(3)
ż
|Ψ|6 `
1
2
s|Ψ|4 ` 2|Ψ|2|∇BΨ|
2 “ ´
ż
|Ψ|2∆|Ψ|2 “ ´
ż
|d|Ψ|2|2 ď 0.
The key idea is to get a better bound on the third term on the left hand side. To do this,
recall that for a 1-form ξ the classical Bochner identity
pd` d˚q2ξ “ ∇˚∇ξ ` Ricpξ, ¨q
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holds, see for example [Bes87]. Suppose now that ξ is coclosed. Integrating by parts, we
obtain the inequality
(4)
ż
|∇ξ|2 “
ż
|pd` d˚qξ|2 `
ż
´Ricpξ, ξq ě
ż
pλ˚
1
´mq|ξ|2,
where mppq is the maximum eigenvalue of the Ricci curvature at p, and we consider the
variational definition of the first eigenvalue: as b1pY q “ 0, there are not non-trivial har-
monic 1-forms, so that we have
(5)
ż
|pd` d˚qξ|2 ě λ˚
1
ż
|ξ|2.
We now apply this last inequality to the 1-form ξ “ ρ´1pΨΨ˚q0, which is coclosed because
its Hodge star is a multiple of the curvature (recall that on a three-manifold, for any 1-form
we have ρpαq “ ´ρp˚αq). For this 1-form, recalling that we are using the inner product on
isup2q given by trpa˚bq{2 (which makes ρ an isometry), we have
|∇ξ|2 ď |Ψ|2|∇BΨ|
2, |ξ|2 “
1
4
|Ψ|4,
hence substituting in (3) we obtainż
|Ψ|6 `
1
2
pλ˚
1
` s˜q|Ψ|4 ď 0.
Here be definition s˜ “ s´m. Now, if we assume that λ˚
1
` s˜ is non-negative, Ψ is forced to
be identically zero, hence the Seiberg-Witten equations do not have irreducible solutions.
As the quantity λ˚
1
` s˜ is by assumption everywhere strictly positive, the same result holds
for a small admissible perturbation of the equations (as those constructed in [KM07]), so
that Y is an L-space. 
Remark. Of course (1) the does not hold for spherical space forms, but one can also con-
struct an example of Riemannian three-manifold with inf s˜ ă 0 for which (1) does not
hold. For example, the Hantzsche-Wendt manifold is the unique rational homology three-
sphere admitting a flat metric. We can choose a small perturbation of the metric for which
inf s˜ ă 0. As λ˚
1
is a Lipshitz function of the metric, if the perturbation is small enough
(1) will still be false.
The present paper is motivated by the following interesting result in [BD16], which was
in turn inspired by [BcSV16]. Recall that the first cohomology H1pY ;Rq of an oriented
hyperbolic three-manifold Y comes with two natural norms: the Thurston norm } ¨ }Th
([Thu86]), and the harmonic norm with respect to the hyperbolic metric } ¨ }L2.
Theorem 2. [Theorem 1.3 of [BD16]]Given a closed oriented hyperbolic three-manifold Y ,
the inequality
(6)
pia
volpY q
} ¨ }Th ď } ¨ }L2
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holds.
The authors also show that the inequality is qualitatively sharp (see Theorem 1.5 in
[BD16]). Their proof relies on the theory of minimal surfaces in hyperbolic three-manifolds,
and in particular an idea of Uhlenbeck [Uhl90]. The authors also point out that a weaker
inequality is a direct consequence of the main result of [KM97], which asserts that for a
closed oriented irreducible three-manifold Y , for any class α P H2pY ;Rq the identity
(7) |α| “ 4pi ¨ suph}α}L2phq{}sh}L2phq
holds. Here | ¨ | denotes the dual Thurston norm, h varies along all Riemannian metrics on
Y and sh is the scalar curvature. Passing to duals, this is equivalent to the fact that for a
given φ P H1pY ;Rq we have the identity
4pi}φ}Th “ infh}φ}L2phq}sh}L2phq.
In our case of interest, by taking Y to be a the hyperbolic metric, which has scalar curvature
´6, we obtain the bound
2pi
3
a
volpY q
} ¨ }Th ď } ¨ }L2,
which is weaker than the one in Theorem 2. Using the same estimates we introduced above,
we can prove the following.
Proposition 1. For a closed oriented irreducible three-manifold Y , for any class α P
H2pY ;Rq the identity
(8) |α| “ 4pi ¨ suph}α}L2phq{
´
vol
1{6
h }s˜h}L3phq
¯
.
holds.
Passing to duals, we obtain as above
4pi ¨ }φ}Th “ infh}φ}L2phq
´
vol
1{6
h }s˜h}L3phq
¯
so that we obtain Theorem 2, as for a hyperbolic metric s˜ “ ´4. While the proof in [BD16]
uses extensively the sectional curvatures, our approach only relies on the Ricci curvature.
Proof of Proposition 1. Following [KM97], define the polytopes in the cohomology
P1 “ tconvex hull of monopole classesu
P2 “ tunit ball of 4pi ¨ suph}α}L2phq{pvol
1{6
h }s˜h}L3phqqu
P3 “ tunit ball of the dual Thurston normu.
We claim that P1 Ă P2 Ă P3: the key result of [KM97] (which builds on deep work
of Gabai, Thurston, Eliashberg and Taubes) shows that P3 Ă P1, so that these three
polytopes coincide and the result follows. Consider the first containment P1 Ă P2. We
proceed as in the proof of Theorem 1, the only difference being that as b1pY q ą 0 the
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inequality (5) does not hold. Nevertheless, the quantity on its left hand side is still clearly
non-negative, so that the inequalityż
|Ψ|6 `
1
2
s˜|Ψ|4 ď 0
holds. By applying Ho¨lder inequality we obtainż
|Ψ|6 ď ´
1
2
s˜|Ψ|4 ď
ˆż
|s˜{2|3
˙1{3ˆż
|Ψ|6
˙2{3
so that (as Ψ ‰ 0) we have ż
|s˜{2|3 ě
ż
|Ψ|6.
Again Ho¨lder inequality and the Seiberg-Witten equations imply that
volpY q1{3
ˆż
|Ψ|6
˙2{3
ě
ż
|Ψ|4 “
ż
|FBt |
2,
so that putting the pieces together
1
4
volpY q1{3}s˜2}2L3phq ě
ż
|FBt |
2 ě 4pi2}α}2L2phq
as FBt represents the class ´2piiα.
Finally, the proof of the cointainment P2 Ă P3 is obtained as in [KM97] by the following
neck stretching argument. Consider an embedded surface of genus at least 2, and suppose
the metric h has a neck of the form Σ ˆ r0, Rs where Σ has constant negative curvature
and unit area, and is independent of R outside a the neck. On the neck, as the metric is a
product, we have s˜ “ s, so that
}s˜h}L3phq “ 4pip2g ´ 2qR
1{3 `Op1q, volh “ R `Op1q.
Th argument then is concluded as in [KM97]: any 2-form ω representing α must satisfy
}ω}h ě R
1{2xα, rΣsy,
hence
xα, rΣsy{p2g ´ 2q ď suph}α}L2phq{
´
vol
1{6
h }s˜h}L3phq
¯
.
The case of an embedded torus is handled similarly. 
We conclude by discussing the extremal cases. In [IY06] it is shown that a metric for
which the identity (7) is realized is very constrained: among the others, the geometry is
forced to be R ˆH, so that in particular Y is Seifert. This follows from the fact that the
curvature FBt is parallel. In our case, we can instead conclude if a manifold Y admits a
metric for which the identity (7) is realized must fiber over the circle. Indeed, if we are
in the extremal case, inequality (4) implies that the curvature FBt is harmonic, so that in
particular ˚FBt is a closed form. Inequality (3) implies that |Ψ| is a non-zero constant, so
that the by the Seiberg-Witten equations ˚FBt is never zero. As ˚FBt is (up to constants)
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the Poincare´ dual to an integral form, by integrating it we obtain the required fibration to
S1.
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